A prescription is presented to construct manifestly gauge invariant tree-level scattering amplitudes with one or two off-shell initial-state gluons for processes with arbitrary particles in the final state, which allows for calculations that are efficient and easy to automate. These scattering amplitudes are relevant for factorization schemes beyond collinear factorization that allow the gluons entering the partonic cross section to have non-vanishing transversal momentum components.
Introduction
The very high energy at which the Large Hadron Collider operates allows for scattering processes in which the energy entering the hard scattering process, while being still large enough for perturbative QCD to be applicable, is much smaller than the energy of the initial colliding protons and/or heavy ions. For such scattering processes factorization procedures other than collinear factorization may be applicable, which go under the name of high-energy factorization. An explicit example, which will serve as the basis of our discussion, was introduced in [1] .
One of the main features of this factorization approach is that it, already at the lowest perturbative order, introduces kinematical effects in the hard matrix elements that only appear at higher order collinear factorization. This happens through the explicit occurrence of the transversal momenta of the initial-state partons entering the parton-level scattering process. Since the initial-state partons within high-energy factorization further carry only one longitudinal momentum component, these partons are off-shell and have negative virtuality. This immediately raises the question how to define the hard scattering matrix element properly. In order to be well-defined, it must be gauge-invariant and satisfy the necessary Ward identities. Furthermore, it must preferably be calculable in different gauges, i.e. with different choices for the gluon propagator. It is not a-priori clear that this is possible if the partonic process under consideration involves off-shell partons.
One approach to solve this issue for off-shell gluons is via Lipatov's effective action [2, 3] . In this approach, the standard QCD Lagrangian is extended with terms involving so-called reggeized gluons, and including all positive powers of the QCD coupling constant. Gauge invariant scattering amplitudes can be expressed in terms of effective reggeon-gluon vertices. Another approach suitable for processes with one off-shell gluon was presented in [4] .
In this write-up, we present an approach which, instead of an effective action, requires the introduction of two auxiliary quarks and anti-quarks, accompanied with eikonal Feynman rules. The extra terms added to the standard QCD Lagrangian are just linear in the coupling constant, and scattering amplitudes can calculated following familiar local Feynman rules. The latter ensures that well-established efficient and automated methods for the calculation of tree-level scattering amplitudes [5] [6] [7] [8] [9] can directly be applied to calculate tree-level amplitudes with off-shell initial state gluons. We will treat the case of two off-shell initial-state gluons, but the formalism can straightforwardly be restricted to a single off-shell initial-state gluon.
Construction of gauge-invariant scattering amplitudes
In high-energy factorization, each of the initial-state partons carries a single longitudinal momentum component, associated with one of the initial protons and/or heavy ions in the scattering process, and transverse momentum components:
where we take
and where E is the total energy. The transversal momenta satisfy k 1,2⊥ · 1,2 = 0. The longitudinal momentum fractions x 1,2 are positive but smaller than 1. In order to arrive at a gauge invariant
The embedding of the parton-level process g * g * → X into q A q B → q A q B X.
scattering amplitude for the process
where X stands for an arbitrary parton-level final state, it can be imagined to be embedded in a larger parton-level scattering process
where q A , q B are the auxiliary quarks mentioned in the introduction. The Feynman graphs contributing to this process can be categorized such that one set contains all the graphs that one would naturally associate with Eq. (2.3). This categorization is depicted in Fig. 1 , and the aforementioned set is the first term on the r.h.s., and consists of all graphs containing both the propagators with k 1 and k 2 . In the collinear limit of k 2 1,2⊥ → 0 this term clearly dominates the other terms, and contains exactly the Feynman graphs one would take into account in a collinear calculation. For non-vanishing k 2 1,2⊥ , however, all terms must be taken into account. For our purpose, the momenta p A , p A , p B , p B of the auxiliary quarks need to be on-shell and need to satisfy In order for this and Eq. (2.1), to hold, p A cannot be just proportional to 1 and p B just proportional to 2 . An elegant construction for this kinematical situation is the following. We introduce a pair of complex four-momenta to span the transversal space 6) so that 1,2 · 3,4 = 0 and 3 · 4 = − 1 · 2 , and
Then, by choosing [10] with the desired momenta for the off-shell gluons. Using a definition for spinors that is consistent also for complex momenta, cf.
[11], we see that
and that we may assign the spinors on the right-hand-sides in the relations above instead of the ones on the left-hand-sides to the external auxiliary quarks, without spoiling gauge invariance. Still, the constructed amplitude depends on unphysical imaginary momentum components, but this dependence can now be removed by taking Λ → ∞. This limit only affects the auxiliary quark lines, and results in the propagators to become eikonal propagators: for a propagator on the Aquark line with momentum p we have
Notice that components of 1 and k 1⊥ in p are eliminated in the propagator, and may be chosen arbitrarily. The same works quite analogously for the B-quark line and 2 . The construction above leads to the following prescription to calculate manifestly gauge invariant scattering amplitudes for Eq. 3. Do the same with the B quark line, using 2 instead of 1 .
Multiply the amplitude with
For the rest, normal Feynman rules apply. This holds for color too; the auxiliary quarks are in the fundamental representation. The factor in the last point assures the correct collinear limit when k 2 1⊥ , k 2 2⊥ → 0. It is possible to elaborate the auxiliary quark lines, and arrive at simplified vertices on these lines while simultaneously reducing the numerator of the eikonal propagators to 1 [12] . The formulation presented above is however simpler, and more close to familiar Feynman rules. It leads to the factor in point 4 which is slightly different from the one derived in [12] . In [12] it is shown that the tree-level scattering amplitudes obtained this way are equivalent to those obtained with Lipatov's effective action approach. The rapidity distribution of the bb pair in the center-of-mass frame for p-Pb scattering divided by the rapidity distribution of the bb pair in the center-of-mass frame for p-p scattering.
Application
The prescription has been implemented into a numerical program that calculates scattering amplitudes in an efficient recursive way, in the spirit of [5] [6] [7] [8] [9] . As an example calculation to prove its computational potential, we present distributions for the processes
For the first process, only contributions involving a Z-boson have been taken into account, and for the second only contributions involving a single W-boson. Calculations were performed at a center-off-mass energy of 5.02TeV. The phase space was restricted such that E / T > 20GeV for the neutrino, and p T > 20GeV for all other final-state particles. For process (3.2) we restricted the p T of the µ + to be smaller than 50GeV. Furthermore, we used rapidity cuts |y| < 2.5 for quarks and |y| < 2.1 for the muons, and separation cuts such that ∆R between any pair of final-state fermions, excluding the neutrino, is larger than 0.4. For the on-shell inital-state parton, CTEQ6.1 pdfs [13] were used. Fig. 2 shows the ratios of the distributions of the rapidity of the bb pair for different choices of the unintegrated pdf for the off-shell gluon. It involves the pdfs from [14] for p-Pb and p-p scattering. The off-shell gluon has positive rapidity, and the plots reveal that the rapidity distributions for p-Pb are (in the center-ofmass frame) slightly shifted towards positive rapidities compared to the p-p distributions. This can be understood as an indication that the p-Pb pdf is suppressed at low x compared to the p-p pdf.
Summary
We presented a prescription that allows for the efficient calculation of tree-level scattering amplitudes with off-shell initial-state gluons, necessary for calculations within factorization schemes in which the initial-state gluons entering the partonic cross section carry non-vanishing transversal momentum components. It has been implemented into an explicit numerical application, and some results have been presented to proof its computational potential.
